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Abstract
Spatial symmetries occur in combination with temporal symmetries in
a wide range of physical systems in nature, including time-periodic quan-
tum systems typically described by the Floquet formalism. In this context,
groups formed by three-dimensional point group symmetry operations in
combination with time translation operations are discussed in this work.
The derivation of these ’spatio-temporal’ groups from conventional point
groups and their irreducible representations is outlined, followed by a
complete listing. The groups are presented in a template similar to space
group operations, and are visualized using a modified version of conven-
tional stereographic projections. Simple examples of physical processes
that simultaneously exhibit symmetry in space and time are identified
and used to illustrate the application of spatio-temporal groups.
1 Introduction
Spatial symmetries are ubiquitous in nature, ranging from atoms and molecules
to crystals and biological systems. The mathematical groups corresponding to
these symmetries, i. e. point groups and space groups, have been listed exhaus-
tively and in great detail [1], and are indispensable in the study of matter. In
this work, we consider the groups formed by spatial symmetries in combination
with temporal symmetries.
There are different ways in which temporal symmetries occur in physical
systems. Most notably, strongly driven time-periodic quantum systems are
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typically described by the Floquet formalism, which involves a time-periodic
Hamiltonian with its corresponding time-periodic solutions. Examples include
problems that consider interaction of matter with strong electromagnetic fields,
such as in high-harmonic generation of light [2]. Separately, an idea proposed
by Wilczek et al. [3], [4] considers time-independent Hamiltonians that sponta-
neously break time-translational symmetry, leading to the idea of ’time crystals’.
This is a topic that has experienced a flurry of activity [5]–[7] and debate [8],
[9] in recent years. In all these examples, with the addition of such temporal
symmetries to the spatial symmetries intrinsic to these systems, it is appropriate
to describe them using symmetries that combine operations in space and time,
i.e. spatio-temporal symmetries, rather than conventional spatial symmetry
operations. Much like in other areas of science, symmetry can be a power-
ful tool in the study of these systems, such as in labeling Floquet states [10],
deriving selection rules for high-harmonic generation spectra [11], [12], iden-
tifying symmetry-protected topological Floquet phases [13], deriving the form
of property tensors of space-time crystals, and so on. A systematic listing of
spatio-temporal groups would facilitate their use in such applications.
This paper presents the derivation and listing of groups that combine spa-
tial operations with time-translations. While spatio-temporal groups have been
previously listed [14], they have not found widespread use, perhaps because
they have not been sufficiently comprehensible to the general reader, unlike the
widely used conventional point group and space group listings [1]. In this work,
the listing of groups is reformulated with the intention to remedy this problem.
This includes outlining a straightforward derivation using character tables of
conventional point groups, representing them using a template similar to space
group operations, and devising a simple way to represent these using standard
crystallographic diagrams. Furthermore, some simple examples are shown to
demonstrate how these groups can be applied to physical systems.
While the spatio-temporal groups corresponding to the 32 crystallographic
point groups are listed explicitly, formulas are listed to generate the spatio-
temporal groups corresponding to the non-crystallographic point groups.
2 Derivation
Define a point (r|t) and an operation (R|τ) in four-dimensional space-time,
where r is the vector of three-dimensional spatial coordinates, t is the time
coordinate, R is a proper or improper rotation, and τ is a time translation, such
that (R|τ)(r|t) = (Rr|t+ τ). The objective is to list all possible groups of such
operations.
Consider the group of all spatial symmetry operations in three-dimensions,
Es(3), and the group of all time translations Et(1). The stated objective is
equivalent to listing all the subgroups of the direct product Es(3)×Et(1). The
isomorphism theorem [15] can be used to do this. Consider two groups A and
B, and the direct product A × B. Choose two arbitrary normal subgroups
(with different subgroups indexed by j), aj and bj, of A and B respectively.
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Performing a coset decomposition,
A = aj +A1aj +A2aj + ...+Anaj
B = bj +B1bj +B2bj + ...+Bnbj.
(1)
The isomorphism theorem states that if the factor groups A/aj and B/bj are
isomorphic to each other, Xj = (aj|bj){(1|1), (A1|B1), (A2|B2), ...} is a subgroup
of A×B.
The above derivation is illustrated with an example. Consider A = 4z =
{1, 4z, 2z, 4−1z }, where nλ represents an anti-clockwise n-fold rotation about the
λ-axis, and B = T = {... − 1, 0, 1...}, the set of all integral time translations,
i.e. translations by integral multiples of unit time. Choosing the normal sub-
groups a = 2z = {1, 2z} and b = 2T = {... − 2, 0, 2...}, it is easy to verify
that the factor groups 4z/2z and T/2T are isomorphic to each other. Using
the isomorphism theorem, Xj = (2z|2T){(1|0), (4z|1)} is a subgroup of the
direct product 4z × T. Rearranging the terms, this group can be written as
(1|2T){(1|0), (4z|1), (2z|0), (4−1z |1)}. Equivalent spatio-temporal groups are de-
fined in this work as two groups that can be transformed from one to the other
either by rescaling the unit of time or by a proper spatial rotation. In the case
of Xj, multiplying the unit of time by a factor of 2 gives the equivalent group
(1|T){(1|0), (4z| 12 ), (2z|0), (4−1z | 12 )}. Repeating this process with the other nor-
mal subgroups aj and bj, all the spatio-temporal subgroups Xj of 4z ×T may
be listed. In general, this process may still result in spatio-temporal groups that
can be transformed from one to the other by a proper spatial rotation, which
are hence equivalent. In this work, one group is listed from each set of such
equivalent groups.
An alternative but mathematically equivalent approach was shown by Boyle
et al. [16]. Each one-dimensional irrep of a group G is associated with a unique
spatio-temporal subgroup of G × T, where T = {... − 1, 0, 1...}, the group of
integral time translations. Given the ith one-dimensional irrep χi of a group G,
each element gij of the irrep is mapped to τi(gij) using gij = exp(2piiτi(gij)),
and the subgroup corresponding to this irrep can be listed as
Xi = {(gi1|τi(gi1)), (gi2|τi(gi2)), (gi3|τi(gi3)), ...}. (2)
For example, consider the group 4z = {1, 4z, 2z, 4−1z }, and its second one-
dimensional irrep, χ2 = {1,−1, 1,−1}. The irrep can be expressed as
χ2 = {1,−1, 1,−1}
= {exp(2pii(n)), exp(2pii(n+ 1
2
)), exp(2pii(n)), exp(2pii(n+
1
2
))}
=⇒ τ2 = {n, n+ 1
2
, n, n+
1
2
} = n{0, 1
2
, 0,
1
2
}.
(3)
The subgroup corresponding to this irrep is then (1|T){(1|0), (4z| 12 ), (2z|0), (4−1z | 12 )},
which is the same as that obtained using the isomorphism theorem, with the
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normal subgroups 2z and 2T. Running through all the one-dimensional irreps
of a point group in this manner is equivalent to going through all the sets of
normal subgroups.
As stated by Boyle et al. [16], the above method can be used to generate
a complete list of spatio-temporal point groups, which we do by going through
the one-dimensional irreps of each of the 32 crystalline point groups, as well
as non-crystalline point groups. Those obtained from crystallographic point
groups are explicitly listed, while formulas are listed for the spatio-temporal
groups obtained from non-crystallographic point groups. Note that the crys-
tallographic spatio-temporal groups are necessarily obtained from finite spatial
groups, whereas the non-crystallographic spatio-temporal groups include both
finite as well as infinite spatial groups.
3 Listing
The groups are listed in sets according to the underlying point groups used
to generate them. Each group in the set is also assigned a serial number for
identification. Positions in these are separated by a period, and from left to
right represent the underlying point group of the translation group, the number
of the group in the set of groups listed under a specific point group, and the
overall index of the group with respect to all possible time translation groups,
respectively. For example, the group 11.3.29 in Table 1 refers to the twenty
ninth listed spatio-temporal group, which is the third group in the series of
groups constructed from the eleventh point group (which is 4m ).
The elements of the group are expressed as (R|τ), where R is a proper or
improper rotation, and τ is a time translation. The standard crystallographic
notation for spatial symmetry as found in the International Tables for Crystal-
lography, Volume A [1] is used to express the proper and improper rotations.
Further, non-zero time-translations are shown in blue.
Because of the infinite nature of the time translation groups, they are listed
using the coset representatives of their decomposition with respect to the normal
subgroup of all integral time translations. For example, the group
(1|T){(1|0), (4z|1
2
), (2z|0), (4−1z |
1
2
)}
is given by listing its coset representatives with respect to T, which are
{(1|0), (4z|1
2
), (2z|0), (4−1z |
1
2
)}.
Finally, a simple method is devised to help visualize these groups, by modi-
fying conventional point group stereographic projections. Time translations are
indicated in the diagram in a manner similar to how spatial translations per-
pendicular to the plane are indicated in space-group diagrams. Non-zero time
translations are visually indicated by numbers in blue. The spatial element as-
sociated with a time translation is located within the plane by proximity, and
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Figure 1: The stereographic projection of the group 11.3.29 from Table 1, which
is (1|T){(1|0), (4z| 14 ), (2z| 12 ), (4−1z | 34 ), (1¯|0), (4¯−1z | 34 ), (mz| 12 ), (4¯z| 14 ). The time
translations are indicated visually on the stereographic projection with blue
fractions, and the + (−) superscript is used to specify that the time translation
is associated with a spatial element above (below) the plane.
outside the plane using the superscript. An example is shown in Fig. 1, and the
supplementary information contains stereographic projections for the remaining
groups as well, listed according to their serial numbers.
In addition to the explicit listing of spatio-temporal groups obtained from the
32 crystallographic point groups, formulas to generate spatio-temporal groups
corresponding to the non-crystallographic point groups have also been listed
in Table 2. The method of listing and notation used is similar to that of the
crystallographic spatio-temporal groups.
4 Examples
Spatio-temporal symmetries are seen in many complex physical systems, as
outlined in the introduction, but the simplest example of one is the ubiquitous
classical harmonic oscillator. Indeed, its temporal symmetry is simple enough
that it is universally described using just spatial groups, as in molecular and lat-
tice vibrations. It does however, exhibit non-trivial spatio-temporal symmetry.
Consider an oscillator which is described by the equation x = x0 sin(ωt + φ),
where ω = 2pi/τ , with τ being the time-period of oscillation. It is clear
that applying the spatial operation mx (x → −x) in combination with the
time translation operation τ2 (t → t + τ2 ) leaves the equation invariant. In
other words, (mx| τ2 ) is a symmetry of this system. Since it has no other non-
trivial spatio-temporal symmetries, the spatio-temporal group that describes
this oscillation is (1|τ ){(1|0), (mx| τ2 )}. The equivalent spatio-temporal group
(1|T){(1|0), (mx| 12 )} is obtained by dividing the unit of time by τ . This corre-
sponds to the group 4.2.7 in Table 1. Other harmonic systems such as plane
waves, molecular vibrations, etc. exhibit similar spatio-temporal symmetries,
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Figure 2: A schematic of the motion of an electron in k-space along the cross-
section of a Fermi surface, under the influence of a magnetic field in the z-
direction. One of the spatio-temporal symmetries of this motion is shown.
with time translations of τ2 coupled to spatial symmetry operations.
More complex harmonic systems can exhibit higher order symmetries. A
particular physical example of this is the motion in k-space, of electrons in a
solid, within the semiclassical model of electron dynamics [17]. Electrons under a
uniform magnetic field follow an orbit in k-space given by the intersection of the
Fermi surface with planes normal to the magnetic field. Depending on the sym-
metry of the crystal and the direction of the magnetic field, these orbits can have
different symmetries. Consider the schematic orbit shown in Fig. 2. The opera-
tion (4z| 3τ4 ) is a symmetry of this motion, as described in the figure. Using this
as a generator, the spatio-temporal group (1|T){(1|0), (4z| 3τ4 ), (2z| τ2 ), (4−1z | τ4 )}
is obtained, which is equivalent to the group 9.3.23 in Table 1.
Much like conventional spatial symmetry, spatio-temporal symmetry can
also be applied to derive properties of physical systems. For example, the se-
lection rules for high-harmonic generation spectra can be derived using spatio-
temporal symmetry. This has been shown in previous works [11], [12], [18], and
the simplest case of this process is outlined below. It can be shown [18] that
under the influence of linearly polarized light E = Eocos(ωt + φ)x, (using the
semiclassical picture of light-matter interaction) the probability to generate the
nth harmonic from a system in a Floquet state ψ = exp(−ith¯)φ is given by
σ(n) ∝ n4|〈〈φ|µˆe−inωt|φ〉〉|2, (4)
where µˆ is the dipole moment operator, ω is the frequency of the incident
light, and 〈〈..〉〉 stands for integration over spatial variables and time. Note
that the electric field, and hence the Hamiltonian is invariant under the spatio-
temporal symmetry operation (mx| τ2 ). Hence, if there is no degeneracy in
the Floquet states, |φ〉〉 are simultaneous eigenstates of the Floquet Hamil-
tonian as well as elements of the group generated by the operation (mx| τ2 ), i. e.
(1|τ){(1|0), (mx| τ2 )}, which is equivalent to the group 4.2.7 in the listing. Being
a second order symmetry operation, (mx| τ2 ) has eigenvalues of ±1. Applying a
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spatio-temporal coordinate transformation Mˆ = (mx| τ2 ) to the matrix element
in (4),
n4|〈〈φ|µˆe−inωt|φ〉〉|2 = n4|〈〈Mˆφ|Mˆµˆe−inωt ˆM−1|Mˆφ〉〉|2 6= 0 (5)
for a non-vanishing probability of obtaining the nth harmonic. Using the
eigenvalues of Mˆ given by Mˆ |φ〉〉 = ±|φ〉〉, it is inferred that
µˆ(x)e−inωt = Mˆµˆ(x)e−inωt ˆM−1 = µˆ(−x)e(−inω(t+τ/2)). (6)
It is clear from (6) that the matrix element is non-vanishing only for odd
n, resulting in the selection rule that under linearly polarized light, only the
harmonics given by odd n are allowed in this Floquet state. Such selection
rules can be derived for more complex systems, such as crystals with non-trivial
spatial symmetry, and elliptically polarized incident light.
5 Extension from time to a time-like coordinate
A parallel can be drawn between spatio-temporal groups and the distortion
antisymmetry groups formulated by VanLeeuwen and Gopalan [19]. Certain
physical systems that can be described by spatio-temporal groups with time
translations of τ2 can also be described by distortion groups obtained from the
corresponding point group. The simple harmonic oscillator is a simple exam-
ple of this. By parameterizing the oscillation using λ, where −1 < λ < +1,
and λ = 0 defines the equilibrium position, the distortion group of this sys-
tem is m∗x = {1,m∗x}, while the spatio-temporal group is (1|T){(1|0), (mx| τ2 )}.
Furthermore, borrowing from the concept of distortion symmetry, where λ is a
’time-like’ coordinate rather than the time-coordinate itself, these point groups
with time-translations can be extended to include ’time-like’ translations, or
’distortion’ translations. This opens up the possibility of describing a whole
range of problems using these groups, such as diffusion in materials, which may
not be periodic in time, but still exhibit symmetry in a ’time-like’ coordinate.
Finally, in order to extend the scope of spatio-temporal symmetry, addi-
tional groups can be derived using space groups, magnetic space groups, and by
considering time reversal symmetry. These groups could describe spatial trans-
lation and time reversal symmetries in addition to the point group operations
and time translations described by the listing in this work, pushing the possible
boundaries of application.
7
Table 1 - List of crystallographic spatio-temporal
groups
This table includes a complete listing of the crystallographic spatio-temporal
point groups. The first column assigns a serial number for each spatio-temporal
group. The second column specifies which point group the corresponding spatio-
temporal group was derived from. The third column lists a coset representative
of each non-equivalent spatio-temporal point group, as described in the section
’Listing’. Each element (R|τ) in this column consists of a spatial component R
and a time translation τ , with non-zero time-translations shown in blue.
For the point groups with three-fold and six-fold axial symmetry, the follow-
ing convention is used - the axis ’1’ is chosen to be in the in-plane horizontal
direction, and the axis ’x’ makes an angle of −pi6 with respect to it. The sets
of axes 1, 2, and 3, and x, y, and xy are each generated by threefold rotations
about the out-of-plane direction.
Serial Number Point Group Spatio-temporal Group
1.1.1 1 (1|0)
2.1.2 1¯ (1|0) (1¯|0)
2.2.3 (1|0) (1¯| 12 )
3.1.4 2 (1|0) (2y|0)
3.2.5 (1|0) (2y| 12 )
4.1.6 m (1|0) (my|0)
4.2.7 (1|0) (my| 12 )
5.1.8 2/m (1|0) (2y|0) (1¯|0) (my|0)
5.2.9 (1|0) (2y| 12 ) (1¯|0) (my| 12 )
5.3.10 (1|0) (2y|0) (1¯| 12 ) (my| 12 )
5.4.11 (1|0) (2y| 12 ) (1¯| 12 ) (my|0)
6.1.12 222 (1|0) (2z|0) (2y|0) (2x|0)
6.2.13 (1|0) (2z|0) (2y| 12 ) (2x| 12 )
7.1.14 mm2 (1|0) (2z|0) (my|0) (mx|0)
7.2.15 (1|0) (2z|0) (my| 12 ) (mx| 12 )
7.3.16 (1|0) (2z| 12 ) (my|0) (mx| 12 )
8.1.17 mmm (1|0) (2z|0) (2y|0) (2x|0) (1¯|0) (mz|0)
(my|0) (mx|0)
8.2.18 (1|0) (2z|0) (2y| 12 ) (2x| 12 ) (1¯|0) (mz|0)
(my| 12 ) (mx| 12 )
8.3.19 (1|0) (2z|0) (2y|0) (2x|0) (1¯| 12 ) (mz| 12 )
(my| 12 ) (mx| 12 )
8.4.20 (1|0) (2z|0) (2y| 12 ) (2x| 12 ) (1¯| 12 ) (mz| 12 )
(my|0) (mx|0)
9.1.21 4 (1|0) (4z|0) (2z|0) (4−1z |0)
9.2.22 (1|0) (4z| 12 ) (2z|0) (4−1z | 12 )
9.3.23 (1|0) (4z| 14 ) (2z| 12 ) (4−1z | 34 )
10.1.24 4¯ (1|0) (4¯z|0) (2z|0) (4¯−1z |0)
10.2.25 (1|0) (4¯z| 12 ) (2z|0) (4¯−1z | 12 )
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10.3.26 (1|0) (4¯z| 14 ) (2z| 12 ) (4¯−1z | 34 )
11.1.27 4/m (1|0) (4z|0) (2z|0) (4−1z |0) (1¯|0) (4¯−1z |0)
(mz|0) (4¯z|0)
11.2.28 (1|0) (4z| 12 ) (2z|0) (4−1z | 12 ) (1¯|0) (4¯−1z | 12 )
(mz|0) (4¯z| 12 )
11.3.29 (1|0) (4z| 14 ) (2z| 12 ) (4−1z | 34 ) (1¯|0) (4¯−1z | 34 )
(mz| 12 ) (4¯z| 14 )
11.4.30 (1|0) (4z|0) (2z|0) (4−1z |0) (1¯| 12 ) (4¯−1z | 12 )
(mz| 12 ) (4¯z| 12 )
11.5.31 (1|0) (4z| 12 ) (2z|0) (4−1z | 12 ) (1¯| 12 ) (4¯−1z |0)
(mz| 12 ) (4¯z|0)
11.6.32 (1|0) (4z| 14 ) (2z| 12 ) (4−1z | 34 ) (1¯| 12 ) (4¯−1z | 14 )
(mz|0) (4¯z| 34 )
12.1.33 422 (1|0) (4z|0) (4−1z |0) (2z|0) (2y|0) (2x|0)
(2xy|0) (2−xy|0)
12.2.34 (1|0) (4z|0) (4−1z |0) (2z|0) (2y| 12 ) (2x| 12 )
(2xy| 12 ) (2−xy| 12 )
12.3.35 (1|0) (4z| 12 ) (4−1z | 12 ) (2z|0) (2y| 12 ) (2x| 12 )
(2xy|0) (2−xy|0)
13.1.36 4mm (1|0) (4z|0) (4−1z |0) (2z|0) (mx|0) (my|0)
(mxy|0) (m−xy|0)
13.2.37 (1|0) (4z|0) (4−1z |0) (2z|0) (mx| 12 ) (my| 12 )
(mxy| 12 ) (m−xy| 12 )
13.3.38 (1|0) (4z| 12 ) (4−1z | 12 ) (2z|0) (mx| 12 ) (my| 12 )
(mxy|0) (m−xy|0)
14.1.39 4¯2m (1|0) (4¯z|0) (4¯−1z |0) (2z|0) (2y|0) (2x|0)
(mxy|0) (m−xy|0)
14.2.40 (1|0) (4¯z|0) (4¯−1z |0) (2z|0) (2y| 12 ) (2x| 12 )
(mxy| 12 ) (m−xy| 12 )
14.3.41 (1|0) (4¯z| 12 ) (4¯−1z | 12 ) (2z|0) (2y|0) (2x|0)
(mxy| 12 ) (m−xy| 12 )
14.4.42 (1|0) (4¯z| 12 ) (4¯−1z | 12 ) (2z|0) (2y| 12 ) (2x| 12 )
(mxy|0) (m−xy|0)
15.1.43 4/mmm (1|0) (4z|0) (4−1z |0) (2z|0) (2y|0) (2x|0)
(2xy|0) (2−xy|0) (1¯|0) (4¯z|0) (4¯−1z |0) (mz|0)
(my|0) (mx|0) (mxy|0) (m−xy|0)
15.2.44 (1|0) (4z|0) (4−1z |0) (2z|0) (2y| 12 ) (2x| 12 )
(2xy| 12 ) (2−xy| 12 ) (1¯|0) (4¯z|0) (4¯−1z |0) (mz|0)
(my| 12 ) (mx| 12 ) (mxy| 12 ) (m−xy| 12 )
15.3.45 (1|0) (4z| 12 ) (4−1z | 12 ) (2z|0) (2y| 12 ) (2x| 12 )
(2xy|0) (2−xy|0) (1¯|0) (4¯z| 12 ) (4¯−1z | 12 ) (mz|0)
(my| 12 ) (mx| 12 ) (mxy|0) (m−xy|0)
15.4.46 (1|0) (4z|0) (4−1z |0) (2z|0) (2y|0) (2x|0)
(2xy|0) (2−xy|0) (1¯| 12 ) (4¯z| 12 ) (4¯−1z | 12 ) (mz| 12 )
(my| 12 ) (mx| 12 ) (mxy| 12 ) (m−xy| 12 )
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15.5.47 (1|0) (4z|0) (4−1z |0) (2z|0) (2y| 12 ) (2x| 12 )
(2xy| 12 ) (2−xy| 12 ) (1¯| 12 ) (4¯z| 12 ) (4¯−1z | 12 ) (mz| 12 )
(my|0) (mx|0) (mxy|0) (m−xy|0)
15.6.48 (1|0) (4z| 12 ) (4−1z | 12 ) (2z|0) (2y|0) (2x|0)
(2xy| 12 ) (2−xy| 12 ) (1¯| 12 ) (4¯z|0) (4¯−1z |0) (mz| 12 )
(my| 12 ) (mx| 12 ) (mxy|0) (m−xy|0)
16.1.49 3 (1|0) (3z|0) (3−1z |0)
16.2.50 (1|0) (3z| 13 ) (3−1z | 23 )
17.1.51 3¯ (1|0) (3z|0) (3−1z |0) (1¯|0) (3¯−1z |0) (3¯z|0)
17.2.52 (1|0) (3z| 13 ) (3−1z | 23 ) (1¯|0) (3¯−1z | 23 ) (3¯z| 13 )
17.3.53 (1|0) (3z|0) (3−1z |0) (1¯| 12 ) (3¯−1z | 12 ) (3¯z| 12 )
17.4.54 (1|0) (3z| 13 ) (3−1z | 23 ) (1¯| 12 ) (3¯−1z | 16 ) (3¯z| 56 )
18.1.55 32 (1|0) (3z|0) (3−1z |0) (2x|0) (2y|0) (2xy|0)
18.2.56 (1|0) (3z|0) (3−1z |0) (2x| 12 ) (2y| 12 ) (2xy| 12 )
19.1.57 3m (1|0) (3z|0) (3−1z |0) (mx|0) (my|0) (mxy|0)
19.2.58 (1|0) (3z|0) (3−1z |0) (mx| 12 ) (my| 12 ) (mxy| 12 )
20.1.59 3¯m (1|0) (3z|0) (3−1z |0) (21|0) (22|0) (23|0)
(1¯|0) (3¯z|0) (3¯−1z |0) (mx|0) (my|0) (mxy|0)
20.2.60 (1|0) (3z|0) (3−1z |0) (21| 12 ) (22| 12 ) (23| 12 )
(1¯|0) (3¯z|0) (3¯−1z |0) (mx| 12 ) (my| 12 ) (mxy| 12 )
20.3.61 (1|0) (3z|0) (3−1z |0) (21|0) (22|0) (23|0)
(1¯| 12 ) (3¯z| 12 ) (3¯−1z | 12 ) (mx| 12 ) (my| 12 ) (mxy| 12 )
20.4.62 (1|0) (3z|0) (3−1z |0) (21| 12 ) (22| 12 ) (23| 12 )
(1¯| 12 ) (3¯z| 12 ) (3¯−1z | 12 ) (mx|0) (my|0) (mxy|0)
21.1.63 6 (1|0) (6z|0) (3z|0) (2z|0) (3−1z |0) (6−1z |0)
21.2.64 (1|0) (6z| 12 ) (3z|0) (2z| 12 ) (3−1z |0) (6−1z | 12 )
21.3.65 (1|0) (6z| 16 ) (3z| 13 ) (2z| 12 ) (3−1z | 23 ) (6−1z | 56 )
21.4.66 (1|0) (6z| 13 ) (3z| 23 ) (2z|0) (3−1z | 13 ) (6−1z | 23 )
22.1.67 6¯ (1|0) (3z|0) (3−1z |0) (mz|0) (6¯z|0) (6¯−1z |0)
22.2.68 (1|0) (3z| 13 ) (3−1z | 23 ) (mz|0) (6¯z| 23 ) (6¯−1z | 13 )
22.3.69 (1|0) (3z|0) (3−1z |0) (mz| 12 ) (6¯z| 12 ) (6¯−1z | 12 )
22.4.70 (1|0) (3z| 13 ) (3−1z | 23 ) (mz| 12 ) (6¯z| 16 ) (6¯−1z | 56 )
23.1.71 6/m (1|0) (6z|0) (3z|0) (2z|0) (3−1z |0) (6−1z |0)
(1¯|0) (3¯−1z |0) (6¯−1z |0) (mz|0) (6¯z|0) (3¯z|0)
23.2.72 (1|0) (6z| 12 ) (3z|0) (2z| 12 ) (3−1z |0) (6−1z | 12 )
(1¯|0) (3¯−1z |0) (6¯−1z | 12 ) (mz| 12 ) (6¯z| 12 ) (3¯z|0)
23.3.73 (1|0) (6z| 16 ) (3z| 13 ) (2z| 12 ) (3−1z | 23 ) (6−1z | 56 )
(1¯|0) (3¯−1z | 23 ) (6¯−1z | 56 ) (mz| 12 ) (6¯z| 16 ) (3¯z| 13 )
23.4.74 (1|0) (6z| 13 ) (3z| 23 ) (2z|0) (3−1z | 13 ) (6−1z | 23 )
(1¯|0) (3¯−1z | 13 ) (6¯−1z | 23 ) (mz|0) (6¯z| 13 ) (3¯z| 23 )
23.5.75 (1|0) (6z|0) (3z|0) (2z|0) (3−1z |0) (6−1z |0)
(1¯| 12 ) (3¯−1z | 12 ) (6¯−1z | 12 ) (mz| 12 ) (6¯z| 12 ) (3¯z| 12 )
23.6.76 (1|0) (6z| 12 ) (3z|0) (2z| 12 ) (3−1z |0) (6−1z | 12 )
(1¯| 12 ) (3¯−1z | 12 ) (6¯−1z |0) (mz|0) (6¯z|0) (3¯z| 12 )
23.7.77 (1|0) (6z| 16 ) (3z| 13 ) (2z| 12 ) (3−1z | 23 ) (6−1z | 56 )
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(1¯| 12 ) (3¯−1z | 16 ) (6¯−1z | 13 ) (mz|0) (6¯z| 23 ) (3¯z| 56 )
23.8.78 (1|0) (6z| 13 ) (3z| 23 ) (2z|0) (3−1z | 13 ) (6−1z | 23 )
(1¯| 12 ) (3¯−1z | 56 ) (6¯−1z | 16 ) (mz| 12 ) (6¯z| 56 ) (3¯z| 16 )
24.1.79 622 (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(2x|0) (21|0) (2xy|0) (22|0) (2y|0) (23|0)
24.2.80 (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(2x| 12 ) (21| 12 ) (2xy| 12 ) (22| 12 ) (2y| 12 ) (23| 12 )
24.3.81 (1|0) (6z| 12 ) (6−1z | 12 ) (3z|0) (3−1z |0) (2z| 12 )
(2x|0) (21| 12 ) (2xy|0) (22| 12 ) (2y|0) (23| 12 )
25.1.82 6mm (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(mx|0) (m1|0) (mxy|0) (m2|0) (my|0) (m3|0)
25.2.83 (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(mx| 12 ) (m1| 12 ) (mxy| 12 ) (m2| 12 ) (my| 12 ) (m3| 12 )
25.3.84 (1|0) (6z| 12 ) (6−1z | 12 ) (3z|0) (3−1z |0) (2z| 12 )
(mx|0) (m1| 12 ) (mxy|0) (m2| 12 ) (my|0) (m3| 12 )
26.1.85 6¯2m (1|0) (3z|0) (3z −1|0) (2x|0) (2xy|0) (2y|0)
(mz|0) (6¯z|0) (6¯−1z |0) (m1|0) (m2|0) (m3|0)
26.2.86 (1|0) (3z|0) (3z −1|0) (2x| 12 ) (2xy| 12 ) (2y| 12 )
(mz|0) (6¯z|0) (6¯−1z |0) (m1| 12 ) (m2| 12 ) (m3| 12 )
26.3.87 (1|0) (3z|0) (3z −1|0) (2x|0) (2xy|0) (2y|0)
(mz| 12 ) (6¯z| 12 ) (6¯−1z | 12 ) (m1| 12 ) (m2| 12 ) (m3| 12 )
26.4.88 (1|0) (3z|0) (3z −1|0) (2x| 12 ) (2xy| 12 ) (2y| 12 )
(mz| 12 ) (6¯z| 12 ) (6¯−1z | 12 ) (m1|0) (m2|0) (m3|0)
27.1.89 6/mmm (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(2x|0) (21|0) (2xy|0) (22|0) (2y|0) (23|0)
(1¯|0) (3¯z|0) (3¯−1z |0) (6¯z|0) (6¯−1z |0) (mz|0)
(mx|0) (m1|0) (mxy|0) (m2|0) (my|0) (m3|0)
27.2.90 (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(2x| 12 ) (21| 12 ) (2xy| 12 ), (22| 12 ) (2y| 12 ) (23| 12 )
(1¯|0) (3¯z|0) (3¯−1z |0) (6¯z|0) (6¯−1z |0) (mz|0)
(mx| 12 ) (m1| 12 ) (mxy| 12 ) (m2| 12 ) (my| 12 ) (m3| 12 )
27.3.91 (1|0) (6z| 12 ) (6−1z | 12 ) (3z|0) (3−1z |0) (2z| 12 )
(2x|0) (21| 12 ) (2xy|0), (22| 12 ) (2y|0) (23| 12 )
(1¯|0) (3¯z|0) (3¯−1z |0) (6¯z| 12 ) (6¯−1z | 12 ) (mz| 12 )
(mx|0) (m1| 12 ) (mxy|0) (m2| 12 ) (my|0) (m3| 12 )
27.4.92 (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(2x|0) (21|0) (2xy|0) (22|0) (2y|0) (23|0)
(1¯| 12 ) (3¯z| 12 ) (3¯−1z | 12 ) (6¯z| 12 ) (6¯−1z | 12 ) (mz| 12 )
(mx| 12 ) (m1| 12 ) (mxy| 12 ) (m2| 12 ) (my| 12 ) (m3| 12 )
27.5.93 (1|0) (6z|0) (6−1z |0) (3z|0) (3−1z |0) (2z|0)
(2x| 12 ) (21| 12 ) (2xy| 12 ), (22| 12 ) (2y| 12 ) (23| 12 )
(1¯| 12 ) (3¯z| 12 ) (3¯−1z | 12 ) (6¯z| 12 ) (6¯−1z | 12 ) (mz| 12 )
(mx|0) (m1|0) (mxy|0) (m2|0) (my|0) (m3|0)
27.6.94 (1|0) (6z| 12 ) (6−1z | 12 ) (3z|0) (3−1z |0) (2z| 12 )
(2x| 12 ) (21|0) (2xy| 12 ) (22|0) (2y| 12 ) (23|0)
11
(1¯| 12 ) (3¯z| 12 ) (3¯−1z | 12 ) (6¯z|0), (6¯−1z |0) (mz|0)
(mx|0) (m1| 12 ) (mxy|0) (m2| 12 ) (my|0) (m3| 12 )
28.1.95 23 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
28.2.96 (1|0) (3xyz| 13 ) (3xy−z| 13 ) (3−xyz| 13 ) (3x−yz| 13 )
(3−1xyz| 23 )(3−1xy−z| 23 ) (3−1−xyz| 23 ) (3−1x−yz| 23 ) (2z|0) (2y|0) (2x|0)
29.1.97 m3¯ (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(1¯|0) (3¯xyz|0) (3¯xy−z|0) (3¯−xyz|0) (3¯x−yz|0)
(3¯−1xyz|0) (3¯−1xy−z|0) (3¯−1−xyz|0) (3¯−1x−yz|0) (mx|0) (my|0)
(mz|0)
29.2.98 (1|0) (3xyz| 13 ) (3xy−z| 13 ) (3−xyz| 13 ) (3x−yz| 13 )
(3−1xyz| 23 ) (3−1xy−z| 23 ) (3−1−xyz| 23 ) (3−1x−yz| 23 ) (2z|0) (2y|0) (2x|0)
(1¯|0) (3¯xyz| 13 ) (3¯xy−z| 13 ) (3¯−xyz| 13 ) (3¯x−yz| 13 ) (3¯−1xyz| 23 )
(3¯−1xy−z| 23 ) (3¯−1−xyz| 23 ) (3¯−1x−yz| 23 ) (mx|0) (my|0)
(mz|0)
29.3.99 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0), (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(1¯| 12 ) (3¯xyz| 12 ) (3¯xy−z| 12 ) (3¯−xyz| 12 ) (3¯x−yz| 12 )
(3¯−1xyz| 12 ) (3¯−1xy−z| 12 ) (3¯−1−xyz| 12 ) (3¯−1x−yz| 12 ) (mx| 12 ) (my| 12 )
(mz| 12 )
29.4.100 (1|0) (3xyz| 13 ) (3xy−z| 13 ) (3−xyz| 13 ) (3x−yz| 13 )
(3−1xyz| 23 ) (3−1xy−z| 23 ) (3−1−xyz| 23 ) (3−1x−yz| 23 ) (2z|0) (2y|0) (2x|0)
(1¯| 12 ) (3¯xyz| 56 ) (3¯xy−z| 56 ) (3¯−xyz| 56 ) (3¯x−yz| 56 )
(3¯−1xyz| 16 ) (3¯−1xy−z| 16 ) (3¯−1−xyz| 16 ) (3¯−1x−yz| 16 ) (mx| 12 ) (my| 12 )
(mz| 12 )
30.1.101 432 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(4z|0) (4−1z |0) (4y|0) (4 −1y |0) (4x|0) (4 −1x |0)
(2−xy|0) (2xy|0) (2−yz|0) (2yz|0) (2xz|0) (2−xz|0)
30.2.102 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(4z| 12 ) (4−1z | 12 ) (4y| 12 ) (4 −1y | 12 ) (4x| 12 ) (4 −1x | 12 )
(2−xy| 12 ) (2xy| 12 ) (2−yz| 12 ) (2yz| 12 ) (2xz| 12 ) (2−xz| 12 )
31.1.103 4¯3m (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(4¯z|0) (4¯−1z |0) (4¯y|0) (4¯−1y |0) (4¯x|0) (4¯−1x |0)
(m−xy|0) (mxy|0) (m−yz|0) (myz|0) (mxz|0) (m−xz|0)
31.2.104 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(4¯z| 12 ) (4¯−1z | 12 ) (4¯y| 12 ) (4¯−1y | 12 ) (4¯x| 12 ) (4¯−1x | 12 )
(m−xy| 12 ) (mxy| 12 ) (m−yz| 12 ) (myz| 12 ) (mxz| 12 ) (m−xz| 12 )
32.1.105 m3¯m (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(4z|0) (4−1z |0) (4y|0), (4 −1y |0) (4x|0) (4 −1x |0)
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(2−xy|0) (2xy|0) (2−yz|0) (2yz|0) (2xz|0) (2−xz|0)
(1¯|0) (4¯z|0) (4¯−1z |0) (4¯y|0) (4¯−1y |0) (4¯x|0)
(4¯−1x |0) (3¯xyz|0) (3¯xy−z|0) (3¯−xyz|0) (3¯x−yz|0) (3¯−1xyz|0)
(3¯−1xy−z|0) (3¯−1−xyz|0) (3¯−1x−yz|0) (mz|0) (my|0) (mx|0)
(m−xy|0) (mxy|0) (m−yz|0) (myz|0) (mxz|0) (m−xz|0)
32.2.106 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0) (2x|0)
(4z| 12 ) (4−1z | 12 ) (4y| 12 ) (4 −1y | 12 ) (4x| 12 ) (4 −1x | 12 )
(2−xy| 12 ) (2xy| 12 ) (2−yz| 12 ) (2yz| 12 ) (2xz| 12 ) (2−xz| 12 )
(1¯|0) (4¯z| 12 ) (4¯−1z | 12 ), (4¯y| 12 ) (4¯−1y | 12 ) (4¯x| 12 )
(4¯−1x | 12 ) (3¯xyz|0) (3¯xy−z|0) (3¯−xyz|0) (3¯x−yz|0) (3¯−1xyz|0)
(3¯−1xy−z|0) (3¯−1−xyz|0) (3¯−1x−yz|0) (mz|0) (my|0) (mx|0)
(m−xy| 12 ) (mxy| 12 ) (m−yz| 12 ) (myz| 12 ) (mxz| 12 ) (m−xz| 12 )
32.3.107 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0)
(2x|0) (4z|0) (4−1z |0) (4y|0) (4 −1y |0) (4x|0)
(4 −1x |0) (2−xy|0) (2xy|0) (2−yz|0) (2yz|0) (2xz|0)
(2−xz|0) (1¯| 12 ) (4¯z| 12 ) (4¯−1z | 12 ) (4¯y| 12 ) (4¯−1y | 12 )
(4¯x| 12 ) (4¯−1x | 12 ) (3¯xyz| 12 ) (3¯xy−z| 12 )
(3¯−xyz| 12 ) (3¯x−yz| 12 ) (3¯−1xyz| 12 ) (3¯−1xy−z| 12 ) (3¯−1−xyz| 12 )
(3¯−1x−yz| 12 ) (mz| 12 ) (my| 12 )
(mx| 12 ) (m−xy| 12 ) (mxy| 12 ) (m−yz| 12 ) (myz| 12 ) (mxz| 12 )
(m−xz| 12 )
32.4.108 (1|0) (3xyz|0) (3xy−z|0) (3−xyz|0) (3x−yz|0)
(3−1xyz|0) (3−1xy−z|0) (3−1−xyz|0) (3−1x−yz|0) (2z|0) (2y|0)
(2x|0) (4z| 12 ) (4−1z | 12 ) (4y| 12 ) (4 −1y | 12 ) (4x| 12 )
(4 −1x | 12 ) (2−xy| 12 ) (2xy| 12 ) (2−yz| 12 ) (2yz| 12 ) (2xz| 12 )
(2−xz| 12 ) (1¯| 12 ) (4¯z|0) (4¯−1z |0) (4¯y|0) (4¯−1y |0)
(4¯x|0) (4¯−1x |0) (3¯xyz| 12 ) (3¯xy−z| 12 ) (3¯−xyz| 12 ) (3¯x−yz| 12 )
(3¯−1xyz| 12 ) (3¯−1xy−z| 12 ) (3¯−1−xyz| 12 ) (3¯−1x−yz| 12 ) (mz| 12 ) (my| 12 )
(mx| 12 ) (m−xy|0) (mxy|0) (m−yz|0) (myz|0) (mxz|0)
(m−xz|0)
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Table 2 - Formulas to generate spatio-temporal
point groups
In this table, formulas used to generate both crystallographic as well as non-
crystallographic spatio-temporal point groups are shown.
The first and second columns specify in Scho¨nflies and International [1] nota-
tion respectively, the point group from which the corresponding spatio-temporal
group is derived. The third column shows a coset representative of each spatio-
temporal group. In these groups, n denotes an n-fold rotation, or a rotation
by angle φ = 2pin in radians. In the case of limiting (or infinite) point groups,∞ is used to denote an ∞-fold rotation, while φ denotes the corresponding
infinitesimal angle of rotation in radians.
A shorthand notation is used to list the coset representative of each group.
For example, the set of elements generated by an n-fold rotation with zero
time translation, that is {(n0|0), (n1|0), (n2|0), ..., (nn−1|0)}, is represented by
(nj |0)|j=0,1,...,n−1. In the case of limiting point groups, the index j is dropped.
For example the set of elements generated by an∞-fold rotation with zero time
translation is represented simply by (∞|0) ... .
Scho¨nflies Notation International Notation Spatio-temporal Group
Cn n (n
j |0)|j=0,1,...,n−1
(nj | jn )|j=0,1,...,n−1
.
.
.
(nj | j(n−1)n )|j=0,1,...,n−1
Cnv nmm (even n) (n
j |0)|j=0,1,...,n−1 (mx|0) ... (mxy|0) ...
(nj |0)|j=0,1,...,n−1 (mx| 12 ) ... (mxy| 12 ) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1 (mx|0) ...
(mxy| 12 ) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1 (mx| 12 ) ...
(mxy|0) ...
nm (odd n) (nj |0)|j=0,1,...,(n−1) (mx|0) ...
(nj |0)|j=0,1,...,(n−1) (mx| 12 ) ...
Cnh n/m (even n) (n
j |0)|j=0,1,...,n−1 (njmz|0)|j=0,1,...,n
(nj | jn )|j=0,1,...,n−1 (njmz| jn )|j=0,1,...,n
.
.
.
(nj | j(n−1)n )|j=0,1,...,n−1 (njmz| j(n−1)n )|j=0,1,...,n
2n (odd n) (nj |0)|j=0,1,...,n−1 (nj |0)|j=0,1,...,n−1 (mx|0) ...
(nj | jn )|j=0,1,...,n−1 (nj | jn )|j=0,1,...,n−1 (mx|0) ...
.
.
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.(nj | jn )|j=0,1,...,n−1 (nj | j(n−1)n )|j=0,1,...,n−1
(mx|0) ...
S2n 2n (even n) (2n
j |0)|j=0,1,...,n−1 (2nj |0)|j=0,1,...,n−1
(2nj | jn )|j=0,1,...,n−1 (2n
j | jn )|j=0,1,...,n−1
.
.
.
(2nj | j(n−1)n )|j=0,1,...,n−1 {(2n
j | j(n−1)n )|j=0,1,...,n−1
n (odd n) (2n
j |0)|j=0,1,...,n−1
(2n
j | jn )|j=0,1,...,n−1
.
.
.
(2n
j | j(n−1)n )|j=0,1,...,n−1
Dn n22 (even n) (n
j |0)|j=0,1,...,n−1 (2x|0) ... (2xy|0) ...
(nj |0)|j=0,1,...,n−1 (2x| 12 ) ... (2xy| 12 ) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1(2x|0) ...
(2xy| 12 ) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1(2x| 12 ) ...
(2xy|0) ...
n2 (odd n) (nj |0)|j=0,1,...,n−1 (2x|0) ...
(nj |0)|j=0,1,...,n−1 (2x| 12 ) ...
Dnh n/mmm (even n) (n
j |0)|j=0,1,...,n−1 (2x|0) ... (2xy|0) ... (mz|0)
(njmz|0)|j=1,2,...,n−1 (2xmz|0) ... (2xymz|0) ...
(nj |0)|j=0,1,...,n−1 (2x| 12 ) ... (2xy| 12 ) ... (mz|0)
(njmz|0)|j=0,1,...,n−1 (2xmz| 12 ) ... (2xymz| 12 ) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1(2x|0) ...
(2xy| 12 ) ... (mz|0) (njmz| 12 )|j=0,1,...,n−1
(2xmz|0) ... (2xymz| 12 ) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1(2x| 12 ) ...
(2xy|0) ... (mz|0) (njmz| 12 )|j=0,1,...n−1
(2xmz| 12 ) ... (2xymz| 12 ) ...
(nj |0)|j=0,1,...n−1 (2x|0) ... (2xy| 12 ) ... (mz| 12 )
(njmz| 12 )|j=0,1,...n−1 (2xmz| 12 ) ... (2xymz| 12 ) ...
(nj |0)|j=0,1,...n−1 (2x| 12 ) ... (2xy| 12 ) ... (mz| 12 )
(njmz| 12 )|j=0,1,...n−1 (2xmz|0) ... (2xymz|0) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1(2x|0) ...
(2xy| 12 ) ... (mz| 12 ) (njmz| 12 )|j=0,1,...n−1
(2xmz| 12 ) ... (2xymz|0) ...
(nj |0)|j=0,2,...,n−2 (nj | 12 )|j=1,3,...,n−1(2x| 12 ) ...
(2xy|0) ... (mz| 12 ) (njmz|0)|j=0,1,...n−1
(2xmz|0) ... (2xymz| 12 ) ...
2nm2 (odd n) (nj |0)|j=0,1,...,n−1 (2x|0) ... (njmz|0)|j=0,1,...,n−1
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(2xmz|0) ...
(nj |0)|j=0,1,...,n−1 (2x| 12 ) ... (njmz|0)|j=0,1,...n−1
(2xmz| 12 ) ...
(nj |0)|j=0,1,...,n−1 (2x|0) ... (njmz| 12 )|j=0,1,...n−1
(2xmz| 12 ) ...
(nj |0)|j=0,1,...,n−1 (2x| 12 ) ... (njmz| 12 )|j=0,1,...n−1
(2xmz|0) ...
Dnd 2n2m (even n) (2n
j |0)|j=0,1,...2n (mx|0) ... (2xy|0) ...
(2n
j |0)|j=0,1,...2n (mx| 12 ) ... (2xy| 12 ) ...
(2n
j |0)|j=0,1,...2n (mx|0) ... (2xy| 12 ) ...
(2n
j |0)|j=0,1,...2n (mx| 12 ) ... (2xy|0) ...
nm (odd n) (2n
j |0)|j=0,1,...2(n−1) (mx|0) ... (2xy|0) ...
(2n
j |0)|j=0,1,...2(n−1) (mx| 12 ) ... (2xy| 12 ) ...
(2n
j |0)|j=0,1,...2(n−1) (mx|0) ... (2xy| 12 ) ...
(2n
j |0)|j=0,1,...2(n−1) (mx| 12 ) ... (2xy|0) ...
C∞ ∞ (1|0) (∞|0) ...
(1|0) (∞| φ2pi ) ...
(1|0) (∞|−φ2pi ) ...
C∞v ∞mm (1|0) (∞|0) ... (∞|0) ... (mx|0) ...
(1|0) (∞|0) ... (∞|0) ... (mx| 12 ) ...
C∞h ∞/m (1|0) (∞|0) ... (∞|0) ...
(1|0) (∞| φ2pi ) ... (∞|−φ2pi ) ...
(1|0) (∞|−φ2pi ) ... (∞| φ2pi ) ...
(1|0) (∞| φ2pi ) ... (∞| φ2pi ) ...
(1|0) (∞|−φ2pi ) ... (∞|−φ2pi ) ...
D∞ ∞2 (1|0) (∞|0) ... (2x|0)...
(1|0) (∞|0) ... (2x| 12 )...
D∞h ∞/mmm (1|0) (∞|0) ... (mx|0) ... (1|0) (∞|0) ...
(2x|0) ...
(1|0) (∞|0) ... (mx| 12 ) ... (1|0) (∞|0) ...
(2x| 12 ) ...
(1|0) (∞|0) ... (mx|0) ... (1| 12 ) (∞| 12 ) ...
(2x| 12 ) ...
(1|0) (∞|0) ... (mx| 12 ) ... (1| 12 ) (∞| 12 ) ...
(2x|0) ...
K ∞∞ (1|0) (∞|0) ...
Kh ∞∞m (1|0) (∞|0) ... (∞|0) ... (1|0)
(1|0) (∞|0) ... (∞| 12 ) ... (1| 12 )
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